We study the linking numbers in a rational homology 3-sphere and in the infinite cyclic cover of the complement of a knot. They take values in Q and in Q(Z[t, t −1 ]) respectively, where Q(Z[t, t −1 ]) denotes the quotient field of Z[t, t −1 ]. It is known that the modulo-Z linking number in the rational homology 3-sphere is determined by the linking matrix of the framed link and that the modulo-Z[t, t −1 ] linking number in the infinite cyclic cover of the complement of a knot is determined by the Seifert matrix of the knot. We eliminate 'modulo Z' and 'modulo Z[t, t −1 ]'. When the finite cyclic cover of the 3-sphere branched over a knot is a rational homology 3-sphere, the linking number of a pair in the preimage of a link in the 3-sphere is determined by the Goeritz/Seifert matrix of the knot.
Introduction
Let K ∪ K 1 ∪ · · · ∪ K m (m ≥ 1) be an oriented (m + 1)-component link in the three sphere S 3 . If the linking number lk(K, K i ) is even for any i(= 1, ..., m), then there is an unoriented, possibly nonorientable surface F bounded by K disjoint from K 1 ∪ · · · ∪ K m . Let G α be the Goeritz matrix [4] , [5] with respect to a basis α = (a 1 , ..., a n ) of H 1 (F ), i.e., the (i, j)-entry of G α is equal to lk(a i , τ a j ), where τ a j is a 1-cycle in S 3 − F obtained by pushing off 2a j into both normal directions. * Let V α (K i ) = (lk(K i , a 1 ), ..., lk(K i , a n )). For i, j (1 ≤ i, j ≤ m,
and λ F (K i , K j ) = 0 for a 2-disk F . Note that λ F (K i , K j ) = λ F (K j , K i ). The number 
T , and λ F (K i , K j ; ω) = 0 for a 2-disk F . Let G α (t) = tM α − M T α . Then we define
and λ F (K i , K j )(t) = 0 for a 2-disk F . Let M p,α be a (p − 1)n × (p − 1)n matrix defined by 
, * 2a j can be thought as the double cover of a j lying in the boundary of the regular neighborhood of F .
where O is the n × n zero matrix. Note that M p,α is a presentation matrix of the first homology group of the p-fold cyclic cover of S 3 branched over K [9] . Let V k p,α (K i ) = (0 (k−1)n , V α (K i ), 0 (p−k−1)n ), where 0 l is the 1 × l zero vector. When M p,α is nonsingular, i.e., the p-fold cyclic cover of S 3 branched over K is a rational homology 3-sphere, we define
and λ (k,l)
F (K j , K i ), and λ F (K i , K j )(t) is equal to λ F (K j , K i )(t −1 ) up to multiplication by a unit of
. We shall show that λ F (K i , K j ; ω), λ F (K i , K j )(t) and λ (k,l)
F (K i , K j ) are independent of the choice of basis and S-equivalence class of
, and
were given by Y.W. Lee [13] , [14] . But his definitions require some additional condition. We make his definitions more general.
Let M be a rational homology 3-sphere and
Then there is a 2-chain F in M such that F bounds cK 1 , where cK 1 is a disjoint union of c copies of K 1 in a small neighborhood of K 1 . We define
where F · K 2 is the intersection number of F and K 2 [20] . It is known that this linking number is well-defined and lk
. Note that lk S 3 is as same as the linking number lk in the usual sense.
Let S be a 3-manifold with the boundary composed of some tori. Let S µ and S δ be 3-manifold obtained from S by Dehn fillings with respect to systems of curves µ and δ on ∂S respectively. Suppose that both S µ and S δ are rational homology 3-spheres. In Section 1, we show that the difference of the linking number lk S δ − lk Sµ is determined by a matrix obtained from µ and δ (Theorem 1.1). It generalizes a result of J. Hoste [6] proved for integral homology 3-spheres. As a corollary, for a rational homology 3-sphere M obtained by Dehn surgery along a framed link in S 3 , we obtain that the linking number lk M is determined by the linking matrix of the framed link (Corollary 1.2). It is known that the linking number modulo Z is obtained via the matrix; see [5] for example. Our results does not require 'modulo Z'.
In sectins 2 and 3 we show that, for a 3-component link Theorems 2.3 and 3. 2), where X p is the p-fold cyclic cover of S 3 branched over K, and K ik (⊂ X p ) is a component of the preimage of K i .
Let X ∞ be the infinite cyclic cover of the complement of a knot and τ a covering translation that shifts X ∞ along the positive direction with respect to the knot. Let
Note that there is a 2-chain
where c k 's are integers. Then we definẽ
Since
, this is well-defined. We do not need to treat this linking pairing
In Section 4 we show that, for a 3-component link is determined by the matrix [10] , [15] , [24] . Our result does not require 'modulo Z[t,
As a corollary we have that (
Rational homology 3-sphere
Let S be a 3-manifold with a boundary composed of n tori, T T and δ = (δ 1 , δ 2 , ..., δ n ) T are two systems of curves (written as columns),
, such that the intersection number µ i · δ i = q i = 0. Furthermore we suppose that µ and δ represent two bases of H 1 (S; Q). This condition can be restated as: Dehn fillings of S with respect to µ and δ give rational homology spheres S µ and S δ respectively. Since µ and δ represent two bases
there is an n × n-matrix B = (b ij ) changing the basis, which is an invertible matrix with rational coefficients such that
We call G = (g ij ) a surgery-linking matrix from S µ to S δ . We can consider the surgery-linking matrix H = (h ij ) from S δ to S µ in an analogous manner, i.e., h ij = lk S δ ( J i , J j ) for i = j and
a diagonal matrix with q ii = q i . Then we have the following theorem.
Theorem 1.1.
(1) B = QG and B −1 = −QH.
(2) For a two component oriented link
In Theorem 1.1(2), the case that both S µ and S δ are integral homology 3-spheres was shown by J. Hoste [6] .
Before proving Theorem 1.1, we formulate a useful corollary. Let
Let m i be a meridian of N i with lk(m i , J i ) = 1 and l i a longitude that is null-homologous in S 3 − J i . Then we obtaine a new 3-manifold M in the following way: Remove the interiors of the tori N 1 , ..., N n from S 3 , attach
.., n), and cap off it with 3-balls. We say that M is obtained by Dehn surgery along the (rational) framed
we have the following corollary.
Corollary 1.2. Let M be a rational homology 3-sphere obtained by Dehn surgery along a rational framed, oriented link J 1 ∪ · · · ∪ J n in S 3 . Let G be the linking matrix of the framed link. Then for a 2-component oriented link K 1 ∪ K 2 in the complement of the framed link,
Proof of Theorem 1.1.
(1) By the definitions of G and H, we have b ii = q i g ii and
By the same arguments as in above,
there is a 2-chain F k in S that realizes the homologous above. This implies that
where lk S δ (µ i , µ i ) and lk Sµ (µ i , µ i ) mean the linking numbers of µ i and a parallel copy of µ i in
Since µ i is homologous to −q i J i in the solid torus attached to T 2 i and since dµ i is homologous 
(b) Let M be an oriented 3-manifold. We define a function mul:
For an element a ∈ H 1 (M), let mul(a) be the greatest common divisor of the integers in
. Moreover, we note that, for a compact 
2 Remark 1.5. R.H. Kyle [12] showed that any symmetric integral matrix is congruent to a block sum of a nonsingular matrix and a zero matrix by integral unimodular matrix. This guarantees that any closed oriented 3-manifold M is obtained by Dehn surgery along a framed
of which the linking matrix is a block sum of a nonsingular matrix B and a zero matrix O, where B (resp. O) is the linking matrix of
. By the arguments similar to that in proof of Theorem 1.1(2), we have the following: For a 2-component oriented link (1) attaching a half twisted band locally, (2) attaching a hollow 1-handle (1-surgery), and (3) deleting a hollow 1-handle (0-surgery), where these operations can be done in the complement
By the argument similar to that in the proof of Theorem 1 in [13] , we have the following.
with the linking number lk(K, K i ) even for any i(= 1, ..., m). Let F and F ′ be unoriented, possibly nonorientable surfaces bounded by K without intersecting to
This theorem implies that λ F (K i , K j ) is independent of the choice of a basis of H 1 (F ).
Remarks 2.2.
(1) Let K ∪ K 1 ∪ K 2 be a split sum of a trivial knot K and the Hopf link
Let F be a Seifert surface of K as illustrated in Figure 1 and D a disk bounded by K
. It follows from Proposition 2.1 that
On the other hand, M. Saito [19] showed that, for an oriented 2-component link K ∪ K 1 with lk(K, K 1 ) even, any two unoriented surfaces bounded by K without intersecting K 1 are S * -equivalent rel. K 1 .
(2) In the next section, we will define S-equivalence, which is an orientable version of S * -equivalence, rel. 
where
Figure 1
Proof of Proposition 2.1. Let β be an another basis of H 1 (F ). Then there is an
We may assume that F ′ is obtained from F by attaching a half twisted band or by attaching a hollow 1-handle.
In the case that F ′ is obtained from F by attching a half twisted band. Let a be a cycle as illustrated in Figure 2 . Let α be a basis of H 1 (F ) and β = (a, α) a basis of H 1 (F ′ ). Then we have
Suppose that F ′ is obtained from F by attching a hollow 1-handle. Let a and b be cycles as illustrated in Figure 3 . Let α be a basis of H 1 (F ) and β = (a, b, α) a basis H 1 (F ′ ). Then we have
Then it is not hard to see that there are unimodular matrices P and Q such that
This completes the proof. 2 
where lk(K i , K i ) = 0.
We note that lk
Since K ik 's are the preimage of K i , we have the following corollary. 1) ) is even, we can define 2, 1) ).
Thus we have an invariant for oriented links. 2
Proof of Theorem 2.3. Let F be an unoriented surface bounded by K with F ∩
Then we may assume that F is a surface as illustrated in Figure 4 (a) or (b). Let a i be a curve in F as in Figure 4 (a) or (b) (i = 1, ..., n). Then we may regard that (a 1 , ..., a n ) is a basis α of H 1 (F ). By [1] , we have that the double branched cover X 2 is obtained from S 3 by Dehn surgery along an framed oriented link J 1 ∪ · · · ∪ J n with lk(J i , J j ) = lk(a i , τ a j ) for any i = j and with the framing of J i is equal to lk(a i , τ a i ) for any i.
By the constraction, we note that
By Corollary 1.2, we have the conclusion. 2 By the argument similar to that in the proof of Proposition 2.1, we have the following theorem.
are independent of the choice of a basis of H 1 (F ).
, we may assume that the p-fold cyclic
, where F × {0} = F . Let K 1k and K 2k be the preimages in M k (k = 1, ..., p) of K 1 and K 2 respectively.
Proof. Let F be a Seifert surface of K with F ∩(K 1 ∪K 2 ) = ∅. Then we may assume that F is a surface as illustrated in Figure 4 (a). Let a i be a curve in F as in Figure 4 (a) (i = 1, ..., n).
Then we may regard that (a 1 , ..., a n ) is a basis α of H 1 (F ). Let M α be a Seifert matrix with respect to α. By [1] , we have that the p-fold cyclic branched cover X p is obtained from S 3 by
Dehn surgery along an framed oriented link
with the linking matrix is equal to M p,α . By the constraction, we note that
is in the complement of the framed link in
By Corollary 1.2, we have the conclusion. 2 4. Infinite cyclic cover of the complement of a knot
Here τ is a covering translation that shifts X ∞ along the positive direction of p −1 (F ).
Take a parallel copy
). Hence we have the following corollary.
Corollary 4.2.
Remarks 4.3.
(1) As we mentioned in Introduction, for a parallel copy
, and hence λ F (K i , K i )(t) is a topological concordance invariant. A different way to calculate the value of Kojima-Yamazaki's η-function was given in [7] .
(2) By the argument similar to that in [11, Proof of Theorem 2], we see thatlk
Remark 4.4. For an oriented 2-component link K ∪ K 1 and for the untwisted double
Hence we have an invariant for oriented links. 2 By the definition of the linking pairing, we have the following lemma.
Lemma 4.5. Let X ∞ be the infinite cyclic cover of the complement of a knot and
Kaiser pointed out that the invariantlk X∞ (K 1k , K 2k ) was given by U. Dahlmeier [3] .
Let K be a knot and F a Seifert surface of K. We may assume that F is a surface as illustrated in Figure 4(a). Let a 1 , . .., a n be curves as in Figure 4 (a) and M = (m ij ) the Seifert matrix of F with respect to a basis [a 1 ] , ..., [a n ]. Take curves b 1 , ..., b n so that lk(a i , b j ) = δ ij for any i, j as illustrated in Figure 4(a) . Then we have the following lemma. Lemma 4.6. Let (X ∞ , p) be the infinite cyclic cover of the complement of K, F 0 a component of p −1 (F ), and b ik a component of p −1 (b i ) contained in a subspace bounded by
Proof. We denote by t both a covering translation and a unit of Z[t, t −1 ] since it is well-known that there is natural correspondence between them. Take curves a . . .
Since the boundary of each B ik is a disjoint union of some copies of b jk 's and tb jk 's (j = 1, ..., n), l i1 (t)B 1k ∪ · · · ∪ l in (t)B nk is a 2-chain of which boundary is a disjoint union of t s b jk 's (s ∈ Z, j = 1, ..., n). Hence we have
Note that 1≤j≤n,s∈Z c ijs (t s b jk ∪ (−t s b jk )) bounds a disjoint union A of embedded annuli in
for any i, j and s( = 0, 1), we have
This completes the proof. 2
Proof of Theorem 4.1. It is not hard to see that there is a 2-component link
) contained in a subspace between τ k F 0 and τ k+1 F 0 . Then, by Lemma 4.5, we havẽ Figure 5 . Let N(F ) be a small neighborhood of
and
By Lemma 4.5, we havẽ
Combining this and Lemma 4.6, we havẽ
, we have the required result. 2 Performing 1/n-Dehn surgery along ∂D, we obtain a new knot K n . Note that if lk(∂D, K) = 0 (resp. = 0) K ±1 (resp. K ∓1 ) is obtained from K by changing a ∓-crossing into a ±-crossing.
Then we have the following two theorems. These results were partially shown by Lee [13] , [14] . We modify his proofs. (1) n(1 − ω)(1 − ω)λ K (∂D; ω) = 1 and λ K (∂D, ω) is a real number.
Here σ ω is the Tristram-Levine signature [22] , ∇ K (z) is the Conway polynomial, and
is the Alexander polynomial.
By combining (2) and (3) in the theorem above, we have the following corollary.
Remark 5.3. Note that a corossing change of a knot K is realized by ±1-surgery along the boundary of disk D with |K ∩ D| = 2 and lk(∂D, K) = 0. By the corollary above and the induction on the unknotting number of a knot, we have that
Here σ(= σ −1 ) is the signature of a knot in the usual sense [23] , [17] Proof of Theorem 5.1. We note that there ia a Seifert surface F of K with F ∩ D is an arc as illustrated in Figure 6 (a). We constract a Seifert surface F ′ of K n from F as illsutrated in Figure 6 . Let α be a basis of H 1 (F ). Let a and b be cycles as illustrated in Figure 6 . We may assume that β = (a, b, α) is a basis of H 1 (F ′ ). = t(1 − n(t − 1)λ K (∂D)(t))|G α (t)|.
Thus we have (5).
In the proof of (5), replace G α (t) and G β (t) with t −1 M α − tM T α and t −1 M β − tM T β respectively. By the argument similar to that in the proof of (5), we have Ω Kn (t) = (1 − n(t −1 − t)V α (∂D)(t
where Ω K (t) = |t −1 M α − tM Since Ω K (t) = ∇ K (t − t −1 ), we have This completes the proof. 2
Figure 6
Proof of Theorem 5.4. Let F , F ′ , α and β be the same as in the proof of Theorem 5.1.
The only difference is that the surfaces are not necessarily orientable. Then we have This completes the proof. 2
